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Abstract
A famous conjecture of Ryser states that every r-partite hypergraph has vertex cover number at most
r − 1 times the matching number. In recent years, hypergraphs meeting this conjectured bound, known as
r-Ryser hypergraphs, have been studied extensively. It was recently proved by Haxell, Narins and Szabo´
that all 3-Ryser hypergraphs with matching number ν > 1 are essentially obtained by taking ν disjoint
copies of intersecting 3-Ryser hypergraphs. Abu-Khazneh showed that such a characterisation is false for
r = 4 by giving a computer generated example of a 4-Ryser hypergraph with ν = 2 whose vertex set cannot
be partitioned into two sets such that we have an intersecting 4-Ryser hypergraph on each of these parts.
Here we construct new infinite families of r-Ryser hypergraphs, for any given matching number ν > 1, that
do not contain two vertex disjoint intersecting r-Ryser subhypergraphs.
1 Introduction
A hypergraphH is called r-partite if its vertex set V (H) can be partitioned into r pairwise disjoint sets V1, . . . , Vr,
called sides, such that every edge e ∈ E(H) satisfies |e∩Vi| = 1 for all 1 ≤ i ≤ r. Clearly, an r-partite hypergraph
is also r-uniform, that is, every edge of the hypergraph contains r vertices. Note that 2-partite hypergraphs
are equivalent to bipartite graphs. A subset B of V (H) is known as a vertex cover, or a blocking set, if for all
edges e ∈ E(H) we have e ∩B 6= ∅. The vertex cover number τ(H) is the smallest cardinality of a vertex cover
of H. A subset M of E(H) is called a matching if e ∩ e′ = ∅ for all distinct e, e′ in M . The matching number
ν(H) is the largest cardinality of a matching in H. Hypergraphs that have matching number equal to 1 are
known as intersecting hypergraphs. For any r-uniform hypergraph we have ν(H) ≤ τ(H) ≤ rν(H), where the
lower bound follows from the fact that any vertex cover must contain at least one vertex from each edge in a
maximum matching, and the upper bound follows from taking the union of all vertices in a maximum matching.
It can be easily shown that both of these bounds are tight for arbitrary hypergraphs. However, for r-partite
hypergraphs, Ryser conjectured in 1960’s that the upper bound can be strengthened.
Conjecture 1.1. For any r-partite hypergraph H,
τ(H) ≤ (r − 1)ν(H).
This conjecture first appeared in the Ph.D. thesis of Ryser’s student, Henderson [5, 14]. For r = 2, the
conjecture is true as it is equivalent to the well known Ko˝nig’s theorem on bipartite graphs [16], and for r = 3
it was proved by Aharoni in 2001 [3] using topological methods. Except for these two cases, the conjecture is
wide open. If we assume that the hypergraph is also intersecting, then it is known to be true for r ≤ 5, as
proved by Tuza [19], and if we further assume that the hyeprgraph is linear, that is, every two edges intersect
in a unique vertex, then Francetic´, Herke, McKay, and Wanless [11] have proved it for r ≤ 9.
A finite projective plane of order n is a linear intersecting hypergraph with the following properties: (1)
every edge contains n + 1 vertices and every vertex is contained in n + 1 edges; (2) any two distinct vertices
are contained in a unique edge; (3) there exists a set of four vertices such that no three lie on a common edge.
The vertices and edges of a projective plane are typically referred to as points and lines, respectively. It easily
follows from the definition that a projective plane has n2 + n+ 1 points and n2 + n + 1 lines. If we remove a
point from a projective plane of order n, and all n+ 1 lines through that point, then we get an (n+ 1)-partite
intersecting hypergraph, with sides corresponding to the lines that were removed, and the vertex cover number
of this hypergraph is n. In fact, we have the following folklore result, from which it follows that a cover of size
n must be a side.
Lemma 1.2. Every blocking set in a projective plane of order n has size at least n+1, with equality if and only
if the blocking set is a line.
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The hypergraph that we get by removing a point from a projective plane of order n is known as the truncated
projective plane, and denoted by Tn+1. Therefore, if Ryser’s conjecture is true then it will be tight for all values
of r for which there exists a projective plane of order r − 1. By taking disjoint copies of truncated projective
planes one can obtain tight examples for any matching number. Interestingly, projective planes of order n
are only known to exist when n is a prime power (and it is a major open problem to determine whether the
order of any finite projective plane must be a prime power). The classical example of these objects, known as
Desarguesian projective planes, can be obtained by taking the 1-dimensional subspaces of the vector space F3q as
points and the 2-dimensional subspaces as lines, where Fq is the finite field of order q. These projective planes
are denoted by PG(2, q). Note that there are several families of projective planes that are non isomorphic to
the Desarguesian planes.
The r-partite hypergraphs H that satisfy τ(H) ≥ (r − 1)ν(H) are knwon as r-Ryser hypergraphs. Until
recently, truncated projective planes were the only known examples of r-Ryser hypergraphs. A new infinite
family of r-Ryser hypergraphs was constructed by Abu-Khazneh, Bara´t, Pokrovskiy and Szabo´ [2], for r − 2
equal to an arbitrary prime power. Besides these values of r, the only other case for which we know the existence
of r-Ryser hypergraphs is when both (r − 1)/2 and (r + 1)/2 are prime powers, which is due to Haxell and
Scott [13, Sec. 5] (see also [4] and [11] for some small examples). Finite projective and affine planes play a crucial
role in both of these constructions. As mentioned before, the existence of these intersecting r-Ryser hypergraphs
also implies the existence of r-Ryser hypergraphs with arbitrary matching number, by simply taking disjoint
copies. Moreover, it was proved by Haxell, Narins and Szabo´ [12] that for r = 3 every r-Ryser hypergraph
H contains ν(H) many disjoint copies of intersecting r-Ryser hypergraphs. Abu-Khazneh obtained computer
generated examples which showed that such a result cannot hold true for r = 4 [1, Ch.5], and in [2] it was
asked how the characterisation of the 3-Ryser hypergraphs can be generalised to higher values of r. Here, we
construct non-intersecting r-Ryser hypergraphs which prove that this characterisation fails for infinitely many
values of r.
Theorem 1.3. For every ν > 1 and r > 3, with r − 1 a prime power, there exist an r-partite hypergraph H
with ν(H) = ν and τ(H) = (r − 1)ν such that H does not contain two vertex disjoint subhypergraphs that are
intersecting r-Ryser hypergraphs.
Our first construction works whenever r− 1 is an odd prime, while our second construction works whenever
r − 1 is any prime power greater than or equal to 4. The first family contains one of the examples obtained by
Abu-Khazneh, which will be discussed in the appendix.
2 First construction
We will first construct hypergraphs with matching number 2, prove our main result on these hypergraphs, and
then give the general construction in the end, whose proof is in fact similar.
We will use an intersecting Ryser hypergraph that is a subgraph of the truncated projective plane, obtained
from lines of the plane intersecting a fixed conic. A conic C of PG(2, q) is a set of points satisfying a non-
degenerate quadratic equation. An arc of PG(2, q) is a set S of points such that three of them are never
collinear (contained in a common line). Since there are q + 1 lines through each point, it is easy to see that
|S| ≤ q + 2. Moreover, we can only have |S| = q + 2 for even q. From the definition of a conic it follows that
every conic is an arc of size q + 1. In fact, if q is odd then the converse also holds true, by a famous theorem
of Segre [18]. The lines intersecting a conic C in exactly one point are called tangent to the conic and through
every point of C there is exactly one tangent. The lines meeting the conic in two points are called secant and
the lines disjoint from the conic are called external lines. For even q, there exists a point N , called the nucleus
of C, such that every line through N is tangent to C, and hence through every point P 6= N not in C there is
only one tangent line: PN . For odd q, if P /∈ C, then through P there are two or zero tangents to C. For an
overview of this topic, see [15, Ch. 8].
In the truncated projective plane Tq+1, corresponding to PG(2, q), let C be a conic through the point of the
plane we have removed, say Q. Let C′ = C \ {Q} and let T Cq+1 be the subhypergraph formed by the lines
intersecting C′ in at least a point. This hypergraph is clearly (q + 1)-partite and intersecting. It is well known
that the cover number is also q (see for example [4]), but we shall include a short proof for sake of completeness.
Let B a blocking set of the lines meeting C. If C ⊆ B, then |B| ≥ q+ 1. Suppose than C 6⊆ B, then there exists
a point P ∈ C, P /∈ B. The q+1 lines through P have to be blocked by B and as P /∈ B, we need at least q+1
points to block them, hence |B| ≥ q + 1. If B′ is a blocking set for the lines meeting C′, then B = B′ ∪ {Q} is
blocking set for the lines meeting C and hence |B′| ≥ q. We will need the following characterization of minimum
blocking set with respect to lines meeting a conic.
Proposition 2.1 (Boros-Fu¨redi-Kahn [8, Sec. 2]). Let B be a blocking set of size q + 1 for secant and tangent
lines to a conic C in PG(2, q). Then one of the following is true:
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(1) B is a line;
(2) B = C;
(3) B = (C \ S1) ∪ S2, where S1 is a subset of the points of C not in a line ℓ, S2 is a subset of ℓ \ C, |S1| = |S2|
and it must be the size of a non-trivial subgroup of G, where G is a finite group of order n = |C \ {ℓ}|.
Moreover, G is cyclic if n ∈ {q − 1, q + 1}, and elementary abelian if n = q.
We can now describe our first hypergraph H1. Let q be a prime power and let π1 and π2 be two projective
planes isomorphic to PG(2, q) with point sets P1 and P2, respectively, such that P1 ∩ P2 = {P}. Let Q1 ∈
P1 \ {P}, Q2 ∈ P2 \ {P} and define P ′1 = P \ {Q1} and P ′2 = P \ {Q2}. The vertex set V of our hypergraph
H is equal to P ′1 ∪ P ′2 ∪ {v} where v is a vertex that is not a point of any of the planes. Let C be a conic of π2
through Q2 such that the line PQ2 is tangent to C and let C′ = C \ {Q2}. The edge set of H1 is the union of
the following sets:
• the set E1 of all the lines of π1 that do not pass through Q1 or P and a line ℓ through P that does not
contain Q1;
• the set E2 of the lines of π2 that do not pass through Q2 and intersect C′ non-trivially;
• the set {e1, e2}, where e1 = ℓ \ {P} ∪ {R}, with R ∈ PQ2 \ {P,Q2}, and e2 = C′ ∪ {v}.
P
Q2
Q1
ℓ
C
R
v
Figure 1: First construction
In the following lemmas, we will prove that the hypergraph H1 is a Ryser hypergraph with ν = 2, when q
is an odd prime. We only need to assume that q is an odd prime when proving τ(H1) = 2q.
Lemma 2.2. H1 is a (q + 1)-partite hypergraph.
Proof. Let ℓ1, . . . , ℓq+1 be the lines through Q1 in π1 and let m1, . . .mq+1 be the lines through Q2 in π2 such
that ℓ1 = Q1P and m1 = Q2P . Let V1 = (ℓ1 \ {Q1}) ∪ (m1 \ {Q2}) ∪ {v} and Vi = (ℓi \ {Q1}) ∪ (mi \ {Q2})
for i = 2, . . . , q + 1. Then these q + 1 form the sides of the hypergraph. Indeed, an edge of E1 or E2 intersects
Vi in exactly one point since this edge is a line of one of the projective planes. The edge e1 also intersects each
Vi in one point since e1 ∩ Vi = ℓ ∩ Vi for i 6= 1 and e1 ∩ V1 = {R}. For all i > 1, mi intersects C′ in exactly one
point, and v is contained in V1; hence e2 = C′ ∪ {v} intersects Vi in one point for all i = 1, . . . , q + 1.
Lemma 2.3. The matching number of H1 is equal to 2.
Proof. A matching of size 2 can be obtained by taking any f1 ∈ E1 \ {ℓ} and f2 ∈ E2. The edge set of H1 can
be partitioned into two sets, E1 ∪ {e1} and E2 ∪ {e2}, such that the edges in each of these sets pairwise intersect
each other non-trivially. Therefore, by the pigeonhole principle any matching has size at most 2.
Lemma 2.4. If q is an odd prime, then the vertex cover number of H1 is equal to 2q.
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Proof. Any side is a vertex cover (blocking set) of size 2q. Let B be a minimal vertex cover of H1 and let
B1 = B ∩ (P ′1 \ {P}) and B2 = B ∩ P ′2. Then B1 must block all the edges of E1 \ {ℓ} since these edges do
not contain any point of P ′2 ∪ {v}, and hence B1 ∪ {P,Q1} is a blocking set for π1. By Lemma 1.2, this means
that |B1| ≥ q − 1 and |B1| = q − 1 if and only if B1 = PQ1 \ {P,Q1}. The set B2 is a blocking set for the
edges of E2, but we have observed that (P ′2, E2) is an intersecting Ryser hypergraph, and hence |B2| ≥ q. Thus,
|B| ≥ |B1|+ |B2| ≥ 2q − 1.
Suppose that |B1 ∪B2| = 2q− 1. Then we must have B1 = PQ1 \ {P,Q1}, and hence ℓ must be blocked by
B2; so P ∈ B2. Also, the edge e1 cannot be blocked by B1, and hence R ∈ B2. If v ∈ B2, then B2 \ {v} is a
vertex cover for (P ′2, E2), which means that |B2| ≥ q + 1; a contradiction. Hence B2 intersects e2 in a point of
C′. The set S = B2 ∪ {Q2} is a blocking set for the non-external lines to C. The set S does not coincide with
C since it contains P and R. Also, S is not a line, since it contains two points of PQ2 and a point of C′, which
cannot be in PQ2 as PQ2 ∩ C = {Q2}. Hence, by Proposition 2.1, the points of B2 not in the conic are in a
unique line. Since S contains two points of the line PQ2 that are not in C, the points of S not in C are all in
PQ2 and |S ∩ PQ2| must be the size of a subgroup of G, where G is an elementary abelian group of order q.
Since q is an odd prime it has no non-trivial subgroups, and since |S ∩ PQ2| ≥ 2, we get a contradiction.
Finally, we prove that the vertex set of H1 cannot be partitioned into two sets V1, V2 such that there are
subhypergraphs of H1 on V1 and V2 which are both intersecting Ryser hypergraphs.
Lemma 2.5. If q is odd, then H1 cannot contain two vertex disjoint intersecting Ryser hypergraphs.
Proof. Suppose that (V1,F1) and (V2,F2) are two intersecting (q + 1)-Ryser hypergraphs contained in H1 and
V1 ∩ V2 = ∅. Every edge of H1 contains at least q points of the same projective plane. If Fi contains two edges,
say f1 and f2, such that |f1 ∩ P ′1| ≥ q and |f2 ∩ P ′2| ≥ q, then f1 ∩ f2 is either P or R, but then all the edges
of Fi must contain P or R respectively, so the cover number of (Vi,Fi) is 1, a contradiction. So without any
loss of generality, we can assume that |f ∩ P ′1| ≥ q ∀f ∈ F1 and |f ∩ P ′2| ≥ q ∀f ∈ F2. This implies that
F1 ⊆ E1 ∪{e1} and F2 ⊆ E2 ∪{e2}. Since every vertex of Vi must be incident to at least one edge of Fi, we also
get that V1 ⊆ P ′1 ∪ {R} and V2 ⊆ P ′2 ∪ {v}. A side in every intersecting (q + 1)-Ryser hypergraph must have
size at least q (otherwise the vertex cover number will be less than q), therefore, we must have |Vi| ≥ q2 + q for
i = 1, 2. If P /∈ V1, then V1 must contain R, and we get e1 ∈ F1. Since V1 ∩ V2 = ∅, R /∈ V2, and hence F2 does
not contain any edge containing R. As q is odd, there are exactly two tangent lines to the conic C through R,
one of them being RQ2. Let RR
′ be the other tangent, with R′ ∈ C′. The set C′ \ {R′} intersects every edge
in F2 non-trivially because the only edge it can possibly miss is RR′, but since R is not in V2, this edge is not
contained in F2. This gives us a vertex cover of size q − 1, which implies that (V2,F2) is not a (q + 1)-Ryser
hypergraph. So we must have P ∈ V1 and P /∈ V2, hence F2 cannot contain any edge through P . Then we
again get a vertex cover of size q − 1 in (V2,F2) by taking C′ \ {P ′} where P ′ is the unique point on C other
than Q2 for which PP
′ is a tangent. Thus, we have a contradiction.
Once we have the hypergraph H1 as above, then for any ν > 2 we can take ν− 2 disjoint copies of truncated
projective planes, and a disjoint copy of H1 to get a Ryser hypergraph with matching number ν whose vertex
set cannot be partitioned into ν intersecting Ryser hypergraphs. We now prove something stronger.
Theorem 2.6. Let r− 1 be an odd prime and ν > 1. Then there exits an r-Ryser hypergraph H with ν(H) = ν
that does not contain two vertex disjoint intersecting r-Ryser hypergraphs.
Proof. Let πi, i = 1, 2, . . . , ν be projective planes over the finite field of order q = r − 1, all sharing a common
point P . Let Qi ∈ πi a point 6= P . The vertices of H are the points of πi \ {Qi}, i = 1, 2, . . . , ν and ν − 1 more
vertices, namely v1, v2, . . . , vν−1. Let Ci, i = 2, 3, . . . ν, be a conic of πi such that the line PQi is tangent to Ci in
Qi. The edges containing only points of π1 are constructed in the same way as in E1, the edges containing only
points of πi, i = 2, 3, . . . , ν are constructed in the same way as in E2. Let Ri be a point of PQi, , i = 2, 3, . . . ν,
not equal to P or Qi. Then we also have the edges e
(i)
1 := ℓ \ {P} ∪ {Ri} , e(i)2 := C′i ∪ vi, , i = 2, 3, . . . ν. The
proofs of all the previous lemmas can easily be adapted to this hypergraph; observe that in the proof of Lemma
2.5 we only used disjointness of the vertex sets, and not that they form a partition.
3 Second construction
Let π1, π2 be two Desarguesian projective planes of order q ≥ 4 with point sets P1 and P2, respectively, such
that P1∩P2 is a point, say {P}. Let Q1 ∈ P1\{P} and Q2 ∈ P2\{P}. Define P ′1 = P\{Q1} and P ′2 = P\{Q2}.
The vertex set V of our hypergraph H2 is equal to P ′1 ∪ P ′2 ∪ {v} where v is a new vertex that is contained
neither in P1 nor P2.
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Let ℓ be a line through P but not trough Q1 in π1. Let T1, T2, T3 ∈ P2 \ {Q2, P} such that {T1, T2, T3, Q2}
is an arc and T1 lies on the line PQ2. Let S be a point on the line Q2T2, distinct from Q2 and T2
1. The edge
set E of the hypergraph H2 is the union of the following three sets:
• the set E1 of all the lines of π1 that do not pass through Q1 or P and the line ℓ;
• the set E2 of all the lines of π2 that do not contain any point of the set {T1, T2, T3, Q2}, and the three
lines T1T2, T1S and PT3;
• the set {e1, e2} where e1 = ℓ \ {P} ∪ {T1} and e2 = T1T2 \ {T1, T2} ∪ {v, S}.
P
Q2
Q1
T1
T3
T2 S
v
ℓ
Figure 2: Second construction
Lemma 3.1. H2 is a (q + 1)-partite hypergraph.
Proof. Let ℓ1, . . . , ℓq+1 be the lines through Q1 in π1 and let m1, . . .mq+1 be the lines through Q2 in π2 such
that ℓ1 = Q1P and m1 = Q2P . Let V1 = (ℓ1 \ {Q1}) ∪ (m1 \ {Q2}) ∪ {v} and Vi = (ℓi \ {Q1}) ∪ (mi \ {Q2})
for all i > 1. Then these q + 1 sets form a partition of the vertex set of H2. If e is an edge of H2 which is a
line of π1 or π2, then it intersects each Vi in the unique point where it intersects the line ℓi or mi. The edge e1
intersects all Vi for i > 1 in a unique point, ℓ∩ Vi, and its unique point in V1 is T1. The edge e2 intersects V1 is
v and the side corresponding to the line Q2T2 in S; it intersects every other side in the unique point where the
line T1T2 intersects the side.
Lemma 3.2. The matching number of H2 is equal to 2.
Proof. The proof is the same as in the first construction.
To be able to determine τ(H2) we need the folllowing results on blocking sets in finite projective planes.
Besides lines, an important class of blocking sets of the plane are the Baer subplanes. If in PG(2, q2) we only
consider the vectors with coordinates in Fq, then we obtain a copy of PG(2, q). Any substructure of PG(2, q
2)
equivalent to that by the action of the projective linear group, is called Baer subplane of PG(2, q2). We stress
out that a Baer subplane of PG(2, q2) is uniquely determined by a 4 points in general position, that is, an arc
of size 4.
Proposition 3.3 (Bruen-Thas [9, 10]). Let B be a blocking set in a projective plane of order q. If B does not
contain any line of the plane then |B| ≥ q+√q+ 1 and the equality is obtained if and only if q is a square and
B is a Baer subplane.
Proposition 3.4 (Blokhuis [6]). Let B be a blocking set in PG(2, p), with p a prime, that does not contain any
line. Then |B| ≥ 3(p+ 1)/2.
1For q = 4 we will also assume that P and S are not contained in the unique Baer subplane containing Q2, T1, T2 and T3, and
that S is not contained on the line T1T3; there is a unique such choice for S.
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Proposition 3.5 (Blokhuis [7]). Let B be a blocking set in PG(2, p3), with p a prime, that does not contain
any line. Then |B| ≥ p3 + p2 + 1.
Lemma 3.6. The vertex cover number of H2 is equal to 2q.
Proof. Any side is a vertex cover of size 2q. Now let B be a minimal vertex cover of H2. Let B1 = B∩(P ′1\{P})
and B2 = B ∩ P ′2. Note that E1 \ {ℓ} must be blocked by B1, as the edges in this set do not contain any point
of B2 ∪ {v}. Hence B1 ∪ {P,Q1} is a blocking set for π1, by which we get |B1| ≥ q− 1 for all q, with equality if
and only if B1 = PQ1 \ {P,Q1} by Lemma 1.2.
Let A = B2 ∪ {Q2, T1, T2, T3}. Since B2 blocks all elements of E2, A forms a blocking set of the lines of
the plane π2. Say A contains a line m of the plane π2. Note that m intersects the set {Q2, T1, T2, T3} in
at most two points. If m is disjoint from the set, then B2 contains q + 1 points (of the line m), and hence
|B| ≥ |B1|+ |B2| ≥ q − 1 + q + 1 = 2q. Say m intersects {Q2, T1, T2, T3} in exactly one point. If T1 6∈ B2, then
the edge e1 = ℓ\{P}∪{T1} must be blocked by a point of B1 and we get |B1| ≥ q; and since m\{Q2, T1, T2, T3}
is a subset of B2, of cardinality q, we get |B| ≥ 2q. If T1 ∈ B2, then m ⊆ B2, and we again get |B| ≥ 2q since
|B2| ≥ q + 1. Finally assume that |m ∩ {Q2, T1, T2, T3}| = 2. We have |B2| ≥ q, since Q2 is the only point of
the line m which is not in our hypergraph. If |B1| ≥ q or |B2| ≥ q + 1, then we are done. So, say |B1| = q − 1
and |B2| = q, then B1 = PQ \ {P,Q} and B2 = m. Since ℓ needs to be blocked, we must have P ∈ B2, and
hence m is a line through P . Since we need to block the edge e1, the point T1 must be in B2, and hence the
only possibility for m is then the line PQ2. But then the edge e2 = T1T2 \ {T1, T2} ∪ {S, v} is not blocked by
any point of B1 ∪B2, and hence |B| ≥ 2q.
Now assume that A does not contain any line of π2. If T1 6∈ B2, then as before the edge e1 must be blocked
by a point of B1. This implies that |B1| ≥ q, as otherwise B1 does not contain any point of ℓ \ {P}. If T1 ∈ B2,
then we have |B2| ≥ |A| − 3. In both cases, we get |B| ≥ |B1| + |B2| ≥ q + |A| − 4. The lower bounds on |A|
given by Propositions 3.3, 3.4 and 3.5 then imply that |B| ≥ 2q for all prime powers q ≥ 5.
Finally assume that q = 4 andA does not contain any line of π2. We have q+|A|−4 ≥ q+q+√q+1−4 = 2q−1,
so |B| can only be less then 2q only if |A| = q +√q + 1, that is, A is a Baer subplane and either |B1| = q − 1
and T1 ∈ B2 or |B1| = q and B2 ∩ {Q2, T1, T2, T3} = ∅. In the first case, B1 = PQ1 \ {P,Q1}, but we have
assumed that the point P is not contained in the unique Baer subplane containing Q2, T1, T2, T3, that is, P /∈ A,
and thus the line ℓ is not blocked by B1 ∪ B2. In the second case, B2 is equal to the Baer subplane minus the
set {Q2, T1, T2, T3}. The three lines through T12 inside the Baer subplane correspond to T1T2, T1T3 and T1Q2.
Since we made sure that S is not in the Baer subplane, and not on the line T1T3, we know that the edge T1S
of the hypergraph H2 contains a unique point of the Baer subplane, namely T1, and hence it is not blocked by
B2, which is a contradiction.
Lemma 3.7. H2 cannot contain two disjoint intersecting Ryser hypergraphs.
Proof. Suppose that (V1,F1) and (V2,F2) are two intersecting (q + 1)-Ryser hypergraphs contained in H2 and
V1 ∩ V2 = ∅. If Fi contains f1 ∈ E1 ∪ {e1} and f2 ∈ E2 ∪ {e2}, then, in order to have (Vi,Fi) intersecting,
f1 ∩ f2 = P or T1 and all the edges of Fi must contain P or T1, giving us a cover number 1, a contradiction.
Hence, we can assume F1 ⊆ E1 ∪ {e1} and F1 ⊆ E2 ∪ {e2} and therefore V1 ⊆ P ′1 ∪ {T1} and V2 ⊆ P ′2 ∪ {v}. A
side in every intersecting (q+1)-Ryser hypergraph must have size at least q (otherwise the vertex cover number
will be less than q), therefore, we must have |Vi| ≥ q2 + q for i = 1, 2. Suppose that P /∈ V1, then T1 ∈ V1 and
F2 does not contain any edge through T1. The only edge containing T2 is the line T1T2, hence T2 /∈ V2 and
V2 ⊆ P2 \ {T1, T2} ∪ {v}, which is a subset of size q2 + q − 1, a contradiction. So let P ∈ V1, then F2 cannot
contain any edge with P , but the only edge containing T3 is the line PT3, so T3 /∈ V2 and V2 ⊆ P2\{P, T3}∪{v},
a contradiction again.
Theorem 3.8. Let r − 1 ≥ 4 be a prime power and ν > 1. Then there exits an r-Ryser hypergraph H with
ν(H) = ν that does not contain two vertex disjoint intersecting Ryser hypergraphs.
Proof. Let Πi, i = 1, 2, . . . , ν be projective planes over the finite field of order q = r − 1 sharing a point P . Let
Qi ∈ Pii a point 6= P . The vertices of H are the points of Πi \ {Qi}, i = 1, 2, . . . , ν with ν − 1 more vertices,
namely v1, v2, . . . , vν−1. The edges containing only points of π1 are constructed in the same way as in E1, the
edges containing only points of Πi, i = 2, 3, . . . , ν are constructed in the same way as in E2, for which we let
T
(i)
1 , T
(i)
2 , S
(i), i = 2, 3, . . . , ν the points of πi playing the same role as T1, T2, S in π2. Then we also have the
edges e
(i)
1 := ℓ \ {P} ∪ T (i)1 , e(i)2 := T (i)1 T (i)2 \ {T (i)1 , T (i)2 } ∪ {vi, S(i)}, i = 2, 3, . . . , ν. The proof of all of the
previous lemmas can now be easily adapted to this hypergraph.
2Note that this is a subplane of order 2
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4 Conclusion and open problems
Our constructions indicate that the non-intersecting Ryser hypergraphs have a richer structure than the inter-
secting Ryser hypergraphs, and it might be fruitful to look at the non-intersecting case for new constructions
of Ryser hypergraphs, or to disprove Ryser’s conjecture. We have shown that there are non-intersecting Ryser
hypergraphs (with arbitrary matching number) that do not contain two disjoint sets of vertices on which we
have intersecting Ryser subypergraphs. But it is not at all clear whether one should always have even a single
intersecting Ryser subhypergraph.
Problem 1: Does every non-intersecting Ryser hypergraph contain a subhypergraph that is an intersecting
Ryser hypergraph?
Note that a negative answer to this question will disprove the following stronger version of Ryser’s conjecture
due to Lova´sz [17]:
Conjecture 4.1. In every r-partite hypergraph H, there exists a set S of vertices of size at most r − 1 such
that ν(H − S) ≤ ν(H)− 1.
We would also like to note that our construction does not contradict the “vertex-minimal analogue” of the char-
acterization of 3-Ryser hypergraphs proposed by Abu-Khazneh and Pokrovskiy [1, Ch. 6]. It will be interesting
to find counterexamples to that conjecture.
In the theory of finite projective planes, a blocking set is called non-trivial if it does not contain any line.
Inspired by this concept, we ask the following question.
Problem 2: In an intersecting r-partite hypergraph, what is the largest size of a vertex cover that does not
contain any edge or side?
Note that the smallest size of a non-trivial blocking set in PG(2, p), where p is a prime, is equal to 3(p+1)/2 [6].
Truncating these planes gives rise to an intersecting (p+1)-partite hypergraph in which the smallest non-trivial
vertex cover has size (3p + 1)/2. Therefore, in a general upper bound for Problem 2, we cannnot do better
than 1.5r + o(r).
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A The case of r = 4
In this appendix we show that our first construction is a generalization of the hypergraph G1 from [1, Ch. 5], which
is a 4-Ryser hypergraph with matching number 2. The edges of G1 are denoted using the following convention: fix
an ordering of vertices on each of the 4 sides and denote an edge as a vector of length 4 where the j-th coordinate
denotes the position of the vertex of the j-th side contained in the edge. Using this notation, the edges of G1 are
{1111, 1333, 1444, 5314, 6341, 6413, 2222, 2155, 3162, 4652, 4265, 2666, 2562, 1211}. We will denote the i’th vertex
on the j-th side of the hypergraph G1 by vij . As already pointed out in [1, Ch. 5], the two subhypergraphs
whose edge sets are F1 = {1111, 1333, 1444, 5314, 6341, 6413} and F2 = {2222, 2155, 3162, 4652, 4265, 2666}, are
edge-minimal 4-Ryser hypergraphs that are infact subhypergraphs of a truncated projective plane. Note that
v12 is the only vertex common to the subhypergraphs on F1 and F2. This vertex will correspond to the point P
in our construction, and then the edge 1111 corresponds to the line ℓ. It can be checked that F1∪{5431} and F2
correspond to the edge sets E1 and E2 in our construction, where the conic C is given by the missing point in the
second plane along with the points v21, v63, v24 (it suffices to check that no three of these vertices are contained
in a common edge). The point v corresponds to the point v52, e1 corresponds to 1211 and e2 corresponds to
the edge 2562. This correspondence shows that G1 is isomorphic to a subhypergraph of our hypergraph.
8
